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Abstract: All homogeneous Einstein metrics on 7-dimensional Aloff-Wallach spaces Nk,r are de- 
scribed. For some of these spaces, the existence of homogeneous Einstein metrics with positive 
sectional curvature is proved. 
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Let Nk,[ denote the homogeneous space SU(3)/i,,,(S1), where ik,[ is the embedding 
of the circle S1 in SU(3) via the diagonal map 
where k,Z E &(k,Z) = 1. 
These spaces were studied by S. Aloff and N. Wallach in [l]. They constructed 
a family of homogeneous metrics with positive sectional curvature on each Nk,l and they 
have shown that Nk,l and N~I,I, are topologically distinct if k2 + l2 + kl # k’2 + P2 + k’l’. 
The metrics constructed by Aloff and Wallach are not Einstein, in general. 
Then McKenzie Y. Wang proved in [4] that there is at least one homogeneous Ein- 
stein metric on each Nk,r, where k $1 (mod3). He gives a pure existence proof for this 
fact. (As was remarked in [2], the noncongruence condition can be removed). 
Recently, M. Kreck and S. Stolz [2] have studied the spaces N~,I from the point of 
view of differentiable structures. They have proved the existence of pairs Nk,/, NkI,l, 
(with large k, 1, k’, I’) which are homeomorphic but not diffeomorphic. (See also [3]). 
The original aim of the present authors was to study homogeneous Einstein metrics 
on Nk,l more systematically with the use of a c0mputer.r After many revisions, our 
experimental material has been eventually transformed into a standard mathematical 
paper. Our main results are the following ones: 
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Theorem 1. On each space N~,J where k # AA, k # f(k + I), I # &( k + 1) there are 
exactly two distinct homathety classes of homogeneous Einstein metrics. 
Theorem 2. For any N~,J as in Theorem 1, at least one of the homothety classes 
contains homogeneous Einstein metrics which are not of positive sectional curvature. 
If, moreover, the argument /3 = arg[-fi(k + 1) + i(l - k)] does not satisfy any of the 
inequalities n . 60” - 6 < p < n .60” + 6, where 6 = (8.929.. .)o, n E Z, then no 
homogeneous Einstein metric on N~,J has positive sectional curvature. 
Theorem 3. There is a constant ko > 0 such that, for each integer k > ko, the space 
Nk,k+l admits a homogeneous Einstein metric with positive sectional curvature. This 
metric is unique up to a homothety. 
1. Preliminaries 
We shall use the notation and some formulas of Wang [4]. Put G = SU(3) and let 
us equip the Lie algebra g with the bi-invariant metric (X,Y)u = -Re(tr(XY)). Let 
bk,l denote the Lie algebra of ik,l(Sl) and t the Lie algebra of the standard maximal 
torus T of SU(3). W e h ave an orthogonal decomposition g = t @ Val $ V,, $ Va3, where 
V& are the root spaces of the adjoint representation. Let us write t = Ijk,l + b&. Then 







m = -(k •t I), I’ = k2 + Z2 + kl. (1) 
If we identify TON,+ with m = I$-, $ V,, @ Volz $ V,, , then 0 = bk,[ + m is a reductive 
decomposition. Now, put 
( 
21+ k 
X0 = 27ri 2mtZ 
) 
7 
2k + m 
x1+ H i), x2=(! a i), x3=(_; % I), 
X4=(! i i). x5=(! _! H); x+ H i). 
Here {X0,..., Xs} is an orthogonal basis and each subspace Vai is spanned by Xz;_r 
and X2;. Then, under the assumption of Theorem 1, all homogeneous Riemannian 
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metrics on Nlc,l, when expressed as symmetric bilinear forms on m, are in one-to-one 
correspondence with the set of diagonal matrices diag(X, a, a, b, b, c, c) with X > 0, a > 0, 
b > 0, c > 0. We shall denote these metrics by g(X,a,b,c). 
In this notation, the normal metric on Nk,l induced by the bi-invariant metric 
-Re(tr(XY)) on SU(3) has parameters X = 24r21’, a = b = c = 2. The metrics of 
Aloff and Wallach have parameters 
X = 24(1+ t)n21’, a = 2(1 i-t), b = c = 2, where - 1 < t < l/3. (2) 
Now a lengthy computation shows (cf. Section 4) 
Lemma [4]. The metric g(X,u,b,c) is Einstein if and only if there is a constant E 
such that 
m2 X +f&u2-b2-c2 = --- 
87r2r2 u2 u ubc 
= 
k2 X + 6 + c2 - u2 - b2 = --- 
87T2r2c2 c ubc ’ 
(3) 
Now, let us normalize each metric g(X, a, b, c) by setting X = 487r21? (this is another 
normalization than in [4], where the author uses X = 87r2T2). By the same kind of 
computation as in [4, p. 251, 
p= h&,b,c) = 
q = h2(u,b,c) = 
T = h&z, b,c) = 
where 
6 3 6 
we obtain the formulas 
& (5u2 - 3b2 - 3c2 + 18bc - 6ub - 6uc), 
& (5b2 - 3c2 - 3u2 + 18~ - 6bc - 6ub), 
-& (5c2 - 3u2 - 3b2 + 18ub - 6uc - 6bc), 
p = Fm-, q = i12, T = gk2. 
We see at once that the values p, q, T from (5) satisfy the equations 
u2 + v2 + w2 - 2212) - 2uw - 2vw = 0, 
u+v+w=12. 





Denote by Iw 3+ the (open) first octant of Iw3. Let us define a map 
h : R3+(u, b, c) ---) R3(u, v, w) 
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by the formulas 
?J=hr(a,b,c), 2)=h&,b,c), W=hs(a,b,c), (8) 
where the functions h; are given by (4). Th e map h is homogeneous of degree 1. The 
equation (6) determines in R3(u, V, w) a cone C whose open half, say C+, is contained 
in the closure c~{R~+(u,v, w)} of R3+( U,V, w). From the homogeneity it follows that 
the inverse image h-l(P) c R3+(a, b, ) c is also a (general) half-cone, i.e., h-l(P) is 
generated by open rays emanating from the origin. Let u denote the plane with the 
equation (7) in l?X3(~,~,w). Then the set cl{R3+( U, V, w)} r-l v is a regular triangle with 
the vertices [12,0,0], [0,12,0], [O,O, 121 and the set K = C+ n v is a circle inscribed in 
this triangle; its radius is 2&. (See Figure 1). 
Fig. 1 Fig. 2 
Proposition 2.1. The half-cone h-l(C+) c lR3+(u,b, ) c is a rotational half-cone with 
the axis a = b = c. Its intersection with the plane p : a + b + c = 12 is a circle I<’ of 
radius &. (Figure 2). 
Pkoof. Substituting (8) into (6), we obtain in IR3+(u,b,c) an algebraic equation of 
degree 8. A direct check shows that this equation decomposes in the form 
P&&c). P&b,c) = 0 (9) 
where 
and 
&(u,b,c) = 5(a2+b2+c2)-6(ub+ac+bc) (10) 
Ps(u, b,c) = 5(u6 + b6 + c”) - 6(u5b + ub5 + a5c + uc5 + b5c + bc5) 
- 5(u4b2 + a2b4 + u4c2 + a2c4 + b4c2 + b2c4) 
+ 42(u4bc + ub4c + ubc4) + 12(u3b3 + u3c3 + b3c3) 
(11) 
- 36(a3b2c + a3bc2 + u2b3c + u2bc3 + ub3c2 + ab2c3) + 130u2b2c2. 
We shall prove that the equation Ps(a, b, c) = 0 has no real solutions in IR3+(a, b, c). 0 
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Lemma 2.2. All real zeros of the polynomial F’e(a, b,c) in the open half-space 
a + b + c > 0 lie on the three rays through the origin with the direction vectors 
(1,1,0),(1,0,1),(0,1,1). HenceP~(a,b,c)#O inlR3+(a,b,c). 
Proof. Due to the homogeneity, it is sufficient to examine the zeros of Ps in the plane 
a + b + c = 12. Every point of this plane is contained in some circle of radius P 2 0 
with the center [4,4,4]. A convenient parametrization of such circle is given by 
a=4+2rcoscp, 
b = 4 + r(- cos cp + &sin q), (12) 
c=4+r(-coscp-fisincp), 
where T = T/d. Substituting into the equation &(a, b, c) and dividing by 256 we get 
112C6r6 - 168C4r6 + 8C3r3(3r2 + 98) + 63C2r6 - 6Cr3(3r2 + 98) 
+ 4(9r4 + 21r2 -I- 100) = 0, 
(13) 
where C = coscp. Let us express C in the complex form 
C = (eiV + eei9)/2. (14) 
Then (13) gives a polynomial equation involving only T and e3iq. Coming back to the 
real form we obtain easily 
7r6H2 -I- (6r5 -I- 196r3)H + (36~~ + 84r2 + 400) = 0, (15) 
where H = cos3cp. This is a quadratic equation 
rameter T 2 0. The value T = 0 gives no solution 
solutions of the form 
j&(r) = -- 3 - - 14 - 9&/s 7r rs 7r3 ’ 
Hz(r) = --- 3 7r --+ 14 9&/Y&Z rs 7T3 ’ 
with respect to H involving the pa- 
of (15) and for T > 0 we obtain two 
(16) 
For T > 28rf4 k 2.300 we have only imaginary solutions; thus we shall investigate 
the functions Hr, H2 only in the interval (O,ru), where TO = 281i4. We have HI(Q) = 
H2(rO) A -1.336 and HI(~) is obviously increasing in (0,~). Further, the equation 
Hi(r) = 0 can be written, after the substitution s = r2 and some re-arrangement, 
in the form (s - 4)(s3 + lls2 -I- 224s + 700) = 0. The polynomial of degree 3 has no 
positive zeros and thus the only zero of Hi(r) is T = 2. Because lim,,u+ Hi = -00, 
Hi < -1, we see that HZ(~) = -1 is the maximum of HZ(T) on (0,~). We have 
also seen that the maximum of HI(T) is HI(Q) < -1. 
On the other hand, because each H is a cosine, we must have in (15) H 2 -1. Hence 
the only solution of (15) is T = 2, H = cos3cp = -1. Hence cp = 7r/3, A, 57r/3, and our 
Lemma follows from (12). Cl 
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Then Proposition 2.1 also follows because the circle (12) with T = 1, i.e. that of 
radius fi, satisfies the equation Ps(a,b,c) = 0, i.e., this is the wanted intersection 
curve K’ = h-l(C+) n p. 
Next, let II denote the projection map of the half-space {[u, v, WJ] E R3 ] u+‘u+w > 0) 
from the origin into the plane v : u + w + w = 12. Here II = K. We are going to 
prove 
Proposition 2.3. The restriction of the map II o h to the circle K’ c h-l(C+) is a 
smooth double covering of the circle K by K’. 
Proof. For a point [u, vu, w] E C+ we denote [U, V, W] = 11( [u, w, w]). Then 
[U, v, W] = [au, (YD, ow], where Q = 12/(u + w + w). (17) 
Let us substitute the parametric expression (12) with r = 1 into (8) and then into (17). 
We obtain 
U = 8(C + 2)2(4C - 1)2 
112C3 - 84C + 53 
2(C x&S 4)(32C3 3C(7 + S&S) 40) 
- 24C2 3&s t - - - - 
v = _ 
112C3 - 84C •t 53 
(18) 
- w = 2(C + 69 4)(32C3 3C(7 8&S) t 40) - 24C2 3~6s t - - _ 
112c3 - 84C -I- 53 
where C = cos cp, S = sin cp, and 112C3 - 84C -t- 53 = 28 cos 3~ + 53 > 0. 
The parametric expression for the circle K (of radius 2&) can be written, if we take 




where $I E IR is uniquely determined by each point [U, V, W] up to a period 2/cn. From 
(19) we obtain 
eiG = (au- 1) + ---&(W-V). 
On the other hand, expressing C, S in (18) in the complex form through eiq, e-@, we 
obtain by a routine calculation 
,i(++vP) = 3, 2 = e3+ . (21) 
Hence we get 
$ = f(p) = arg 3 - Cp. 
( > 
(22) 
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The function f(cp) is uniquely determined for cp E (-a, +co) by the initial condition 
f(0) = 0 (which determines a continuous branch of the argument function). Now, we 
get 
f’(V) = (7z+;&+ - 
7) 
1 135 = 
28 cos 3$9 + 53 
-l>O (23) 
and f(p) is increasing on Iw. 
Finally, for cp E (0,2a) we see that the radius-vector of 7a + 2 or 22 -t- 7, respectively, 
circumscribes the angle 6n or 0, respectively, around the origin. From (22) we see that 
f((0,2~r)) = (0,4n) and h ence we get a double covering of K by I<‘. 0 
Proof of Theorem 1. Let k, I be two integers, (k, I) = 1, and define the point [p, 4, ~1 E 
K by (5). According to Propositions 2.1,2.3, there are exactly two points [A;, B;, C;] E 
pnIR3+(a,b,c), i = 1,2, such that (IIoh)([A;,B;,Ci]) = [p,q,r]. Here [A;,B;,CJ E K’. 
Put 
[pi,w;] = h([A;,B;,C;]), i = 1,2. 
According to (17) 
[PY QY d = WPi, 4i, 4) = [h4, hi, Qi], 
where 




Now, the wanted solutions of the equations (4) are the two points [a;, b;,c;] = 
[&A;, A;&, &Gl, i = 1,2. Indeed, because the map h is homogeneous of degree 1, 
we obtain h(a;, b;, c;) = X;h(A;, B;, C;) = [X;p;, X;q;, X;r;] = [p, q, r]. Cl 
3. Proof of Theorem 2 and example 
Rewrite (5) in the form 
u = ;m2, v = $2, w = Fk2, (27) 
and define the angle /3 by 
2Jf;e@ = -&(k + 1) + i(l - k). (28) 
Proposition 3.1. For each pair of integers k, 1, either p = $12 or /3 = $12 t a holds 
module 2n, where $ is the angle given by (20) and (27). 
Proof. We calculate the squares of both sides of (28) and compare them with (20). Cl 
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Now, according to the previous computation (formula (22) and the subsequent lines) 
we see that if cp E (0,27r), then we get two continuous branches /3r,p2 of the 2-valued 










Fig. 3. The graph of the two branches of the function /3 = p(cp) (mod 2x). 
Next we present some simple necessary conditions for a metric g( X, a, b, c) on Nk,l 
to have positive sectional curvature. By a routine calculation (see the next Section) we 
obtain 
Proposition 3.2. Let ToN~,J be identified with m as above, and let g(X, a, b, c) be a 
homogeneous metric on Nk,,. Then g(R(XZI-I,X2i)X2i,X2i-1) > 0 for i = 1,2,3 if 
and only if 
u2 + b2 - 3c2 + 2ac + 2bc - 2ub > 0, 
b2 + c2 - 3u2 + 2ub + 2ac - 2bc > 0, 
u2+c2-3b2+2ub+2bc-2uc>O 
(the v&e of X is irrelevant). 
(29) 
Proof of Theorem 2. We shall first determine the angles q for which the triplet 
(a, b,c) given by (12) (with r = 1) satisfies the inequalities (29). An easy computation 
shows that this is the case if and only if 
1~ - (2k + 1)SO”l < (4.1015.. .)” for some k = 0,1,2. (30) 
From the explicit formula (22) we get that the corresponding angles $ fill in (modulo 
2a) the set 
0 = (-26,2S) u (120’ - 26,120’ + 28) u (240’ - 26,240’ + as), 
6 = (8.929.. .)“. 
(31) 
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All three intervals are disjoint modulo 2a, and this means that if $J E 0, then (29) 
is satisfied for a unique p E (0,360”) such that f(p) = $. If $J 6 R, then (29) is not 
satisfied for any cp E f-l($). Th eorem 2 now follows from Proposition 3.1 and (31). 0 
Example. Consider the example by M. Kreck and S. Stolz ([2]) of two homeomorphic 
but not diffeomorphic spaces N~,J, Nk,,l,, where k = -56788, 1 = 5227, k’ = -42652, 
I’ = 61213. Here I’ = I” = 2955367597. Normalizing X = X’ = 48n21’, the corresponding 
parameters a, b, c for the homogeneous Einstein metrics are given as follows: 
Nk,/ : al G 8.75705, bl k 7.52751, cl A 3.35042, 
a2 G 2.84793, b2 L 5.92094, c2 A 7.44036, 
Nh,,,, : a; 2 3.70768, b; & 5.41922, c; A 2.16184, 
u; 1 9.15589, b; 13.82338, c; A 9.83825. 
An easy calculation using (29) h s ows that none of these Einstein metrics has positive 
sectional curvature. 
4. Proof of Theorem 3 and concluding remarks 
Consider a space Nk,l with a metric g(A, a, b, c) (h ere k, I are not necessarily coprime). 
Let us normalize the orthogonal basis {Xe, X1,. . . , Xs} from Section 1 with respect to 
g; the corresponding orthonormal basis will be denoted as {Eu, El,. . . , EG}. Define the 
skew-symmetric operators A;j on m by 
Aij(Ej) = E;, Aij(E;) = -Ej, Aij(Eh) = 0 (32) 
for h # i,j, (i # j, i,j,h = O,l,..., 6). By a lengthy calculation we obtain explicit 
formulas for the curvature transformations Rij = R(E;, Ej) as follows: 
(i;ZJ = ($ $ ;) (Z), 
(i;; ZJ = (_$ 2 -q (;Z; ;;ZJ 
(i$ 5,,) = (_$a i -Z) (l;; ;:?J 
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where 
BI = -294, cl = 2&s, QI = -2Q2, 
3m2X D,=4- 
312X 
16n2F2a2 ’ b 167r2T2b2 ’ 
3k2X 
167r2T2c2 ’
p2 = iii + 
b+c-a Xkl 
bc ’ ” = & - 1cn2r2bc’ (36) 
R = a2 + b2 + c2 - 2ab - 2ac - 2bc, (37) 
and (As, B3, Pa, Q3), (Ad, B4, P4, Q4) are obtained from (35), (36) in two steps, repeat- 
ing the simultaneous cyclic permutations m + 1 -+ k -+ m, a -+ b + c -+ a. 
Let X, Y be independent unit vectors in m, X = C uiE;, Y = C vi.&, and let w”j 
denote the corresponding Pliicker coordinates (i, j = 0, 1, . . . ,6). By a routine calcu- 
lation we obtain an expression for the sectional curvature g(R(X,Y)Y,X) which is 
linear in A;, B;, P;, Qi, D1, Fl and quadratic with respect to the Plucker coordinates. 
Because the sectional curvature is a function defined on a Grassmann manifold, which 
is compact, we have the following 
Lemma 4.1. Let N (n) = (WC&Y g&9 a,, b,, cn)) be a sequence of Aloff- Wullach 
spaces with given metrics such that the corresponding parameters Al, BI, P;“, Qy , 
D;“, Fr converge to the limit parameters A;, i?;, p;, &;, D1, P1 corresponding to a space 
(&,I, g(GJ,~)) of P osi ive sectional curvature. Then, for all suficiently large n, t 
N(,) is a space of positive sectional curvature. 
Proof of Theorem 3. According to Aloff and Wallach, [l], the metrics (2) have 
positive sectional curvature even if k,Z are not relatively prime. Choose k = 1 = 1, 
m = -2, i.e., F = 3. Let us equip Nr,r with the metric go = g(144n2,4, 10, lo), which 
is homothetic to one of the metrics (2), namely to that with t = -3/5. Thus the metric 
go has positive sectional curvature. From (5) and (4) we see that [p, q,r] = [8,2,2] = 
h([4,10, lo]), and hence go is also Einstein. 
Consider now a space Nk,k+r, where I’ = 3k2 + 3k + I. Calculating the values p, q, r 
in (5) and denoting them as pk,qk, rk, we see that [pk.@, rk] + [8,2,2] for k ---f +co. 
The corresponding solutions [a, b,c] of (4) for [p, a,~] = [8,2,2] are the points [4,10, lo] 
and [4,2,2]. For a large k > ko we denote by [ak, bk, ck] that point of h-‘([pk, qk, rk]) 
which lies in a neighborhood of [4,10, lo]. Then [ok, bk, ck] + [4,10, lo] for k + too. 
Now, if we normalize X = 4&r2F and substitute from (5) for m2,Z2, k2 into (34), (35) 
etc., we see that all the parameters A:, Bb,. . . , P! depend only on Pk, qk, Tk, ak, bk,ck, 
and thus they converge to the corresponding parameters of the space (Nr,r , go). Thus 
the existence part of Theorem 3 follows from Lemma 4.1. The uniqueness part then 
follows from the first part of Theorem 2, Cl 
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Remark 4.2. M.Kreck and S.Stolz have presented in [3] examples of spaces Nk,l on 
which the moduli space of all Riemannian metrics with positive scalar curvature is 
disconnected. Our computer observations shows that the (4-dimensional) space of all 
homogeneous metrics with positive scalar curvature on a fixed Nk,l is always connected 
with respect to the Euclidean topology. 
Remark 4.3. The numerical calculations, the graphic postprocessings and the formula 
manipulations, all performed on a PC/386+387, enabled us to get a clear insight into 
the behaviour of the mappings for broad range of parameters Ic, I, m and led us to the 
above theorems and the proofs. Among very helpful software we mention DERIVE - 
The Mathematical Assistant, (c) Soft Warehouse, and MATHEMATICA, (c) Wolfram 
Research Inc. 
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